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Abstract
In this paper, we consider a set of new exact symmetry in the SM, reflection symmetries
Rm∗u,νR = mu,ν , m
∗
d,e = md,e with R = diag (−1, 1, 1). These symmetries are remnants of
µ− τ reflection symmetries after deduction of µ− τ symmetry.
These extended C symmetries can predict the zero QCD θ-term θQFD = 0 at tree level
with properCP phases δCP of the CKM andMNS matrices. Moreover, they can constrain the
Majorana phases to be α2,3/2 = 0 or π/2 and then enhance predictivity of the leptogenesis.
1 Introduction
The discovery of the neutrino oscillation [1,2] proved finite mass and mixing of neutrinos. In order
to explain the peculiar mixing pattern, a lot of flavor structures such as four-zero texture [3–13],
democratic texture [14–42], µ− τ symmetry [43–64] and µ− τ reflection symmetry [65–87] have
been studied. Among them, exact µ−τ reflection symmetries for quarks and leptons are recently
discussed [88].
In this paper, we consider a set of new exact symmetry in the Standard Model (SM), reflection
symmetries for quarks and leptons. The previous study of µ − τ reflection symmetries can be
translated to forms Rm∗u,νR = mu,ν , m∗d,e = md,e with R = diag (−1, 1, 1) in the basis of four-
zero texture. We call such a symmetry reflection because it is just a extended C symmetry and
no longer a µ− τ reflection.
Reflection symmetries with universal four-zero texture restrict fermion mass matrices to have
only four parameters. It predicts the Dirac phase δCP ≃ 203◦, the normal mass hierarchy and
the lightest neutrino mass m1 ≃ 3 [meV].
Mass matrix of the right-handed neutrinos MR also exhibits the reflection symmetry with a
four-zero texture because four-zero textures are type-I seesaw invariant [4,6]. An u−ν unification
predicts mass eigenvalues as (MR1 ,MR2 ,MR3) = (O(10
5) , O(109) , O(1014)) [GeV].
This paper is organized as follows. The next section is a derivation of reflection symmetries
and discussion of the strong CP problem. In Sec. 3 and 4, we discuss physical parameters and
universal four-zero texture. The final section is devoted to conclusions and discussions.
1
2 Reflection symmetries
At the beginning, we show a new set of symmetry. The mass matrices of the SM fermions
f = u, d, e and neutrinos νL are defined by
L ∋
∑
f
−f¯LimBMfij fRj − ν¯LimBMνij νcLj + h.c. . (1)
Here, textures of mass matrices mBMf are assumed to be [88]
mBMu =


0 −Cu√
2
−Cu√
2
−Cu√
2
B˜u
2 +
Au
2
B˜u
2 − Au2 − iBu
−Cu√
2
B˜u
2 − Au2 + iBu B˜u2 + Au2

 , (2)
mBMd =


0 iCd√
2
iCd√
2
− iCd√
2
B˜d
2 +
Ad
2
B˜d
2 − Ad2 − iBd
− iCd√
2
B˜d
2 − Ad2 + iBd B˜d2 + Ad2

 , (3)
and
mBMν =


−aν 1√2 (bν − icν)
1√
2
(bν + icν)
1√
2
(bν − icν) fν2 − dν2 + ieν − fν2 − dν2
1√
2
(bν + icν) − fν2 − dν2 fν2 − dν2 − ieν

 , (4)
mBMe =


0 iCe√
2
iCe√
2
− iCe√
2
B˜e
2 +
Ae
2
B˜e
2 − Ae2 − iBe
− iCe√
2
B˜e
2 − Ae2 + iBe B˜e2 + Ae2

 . (5)
These matrices (2)-(5) separately satisfy exact µ− τ reflection symmetries [65,66]:
Tu(m
BM
u,ν )
∗Tu = mBMu,ν , Td(m
BM
d,e )
∗Td = mBMd,e , (6)
where
Tu =

1 0 00 0 1
0 1 0

 , Td =

1 0 00 0 −1
0 −1 0

 . (7)
Bi-maximal transformation of the basis by the following UBM ,
mf ≡ UBMmBMf U †BM , mν ≡ UBMmBMν UTBM , UBM ≡


1 0 0
0 i√
2
i√
2
0 − 1√
2
1√
2

 , (8)
leads to hermitian four-zero textures [3] and a symmetric neutrino mass;
mu =

i 0 00 1 0
0 0 1



 0 Cu 0Cu B˜u Bu
0 Bu Au



−i 0 00 1 0
0 0 1

 , md =

 0 Cd 0Cd B˜d Bd
0 Bd Ad

 , (9)
mν =

−i 0 00 1 0
0 0 1



aν bν cνbν dν eν
cν eν fν



−i 0 00 1 0
0 0 1

 , me =

 0 Ce 0Ce B˜e Be
0 Be Ae

 , (10)
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with real parameters aν ∼ fν and Af ∼ Cf which satisfy Af > B˜f > Bf ≫ Cf . Note that µ− τ
reflection symmetry is not imposed on mν (10).
In this basis of the four-zero texture, the µ− τ reflection symmetries (6) are rewritten as
UBMTu,dU
T
BMm
∗
u,dU
∗
BMTu,dU
†
BM = mu,d. (11)
Surprisingly,
−U∗BMTuU †BM =

−1 0 00 1 0
0 0 1

 ≡ R, (12)
U∗BMTdU
†
BM =

1 0 00 1 0
0 0 1

 = 13. (13)
Then, the µ− τ reflection symmetries in the four-zero basis are transformed to be
Rm∗u,νR = mu,ν , m
∗
d,e = md,e. (14)
Hermitian or symmetric mass matrices which satisfy Eq. (14) are given by
mu =

 au ibu icu−ibu du eu
−icu eu fu

 , mν =

aν ibν icνibν dν eν
icν eν fν

 , md,e =

ad,e bd,e cd,ebd,e dd,e ed,e
cd,e ed,e fd,e

 , (15)
with real parameters af ∼ ff . The mass matrices (9)-(10) certainly satisfy these conditions. We
call such a symmetry reflection because it is just a extended C symmetry and no longer a µ− τ
reflection.
The reflection symmetries (14) has freedom of unitary transformation. For example, the
down-type mass md,e also can have CP phases by transformation of a phase matrix P =
diag(eiφ, 1, 1):
m˜u = P
†muP =

 au ie
−iφbu ie−iφcu
−ieiφbu du eu
−ieiφcu eu fu

 , (16)
m˜d = P
†mdP =

 ad,e e
−iφbd,e e−iφcd,e
eiφbd,e dd,e ed,e
eiφcd,e ed,e fd,e

 . (17)
In this case, by the following equivalent transformation
Ru ≡ PP1P =

−e
2iφ 0 0
0 1 0
0 0 1

 , Rd ≡ P13P =

+e
2iφ 0 0
0 1 0
0 0 1

 , (18)
deforms the reflection symmetries as
R†um˜
∗
u,νRu = m˜u,ν , R
†
dm˜
∗
d,eRd = m˜d,e. (19)
3
2.1 Interpretation of the symmetries and the strong CP problem
Note that the reflection symmetries control only phases and zero texture conditions are not
imposed. As a justification of the four-zero texture, a chiral symmetry breaking S2L × S2R → 0
have been studied in the context of democratic textures [35, 36]. In this scheme, S2(L,R) is a
permutation symmetry between the first and second generation of left-(right-)handed fermions.
These chiral symmetries retain the lightest fermions to be massless.
A permutation-symmetric texture can be transformed to a hierarchical texture by a bi-
maximal mixing between 1-2 generations, as shown in Table 1. In the hierarchical basis, the

a a ba a b
c c d

 →

0 0 00 2a √2b
0
√
2c d


symmetric basis hierarchical basis
a+ δ a+ iǫ ba− iǫ a− δ b
c c d

 →

 0 δ + iǫ 0δ − iǫ 2a √2b
0
√
2c d


Table 1: Textures in the symmetric basis and the hierarchical basis, with d≫ a, b, c≫ δ, ǫ.
up-type Yukawa matrix respects a “µ − e” reflection symmetry:
T12Y
∗
u,νT12 = Yu,ν, Y
∗
d,e = Yd,e, T12 =

0 1 01 0 0
0 0 1

 , (20)
and they restrict δu,ν = ǫd,e = 0. This idea suggests that CP violation of flavor mixing only
comes from a chiral symmetry breaking of the first generations. Large CP violation in mν (and
mu) is desirable from the viewpoint of the leptogenesis [89].
The determinants of the quark mass matrices (9) are obviously real values. This is due to
the assumption of Hermiticity. However, without the assumption, the reality of Det[mumd] can
be guaranteed by imposing other reflection symmetries:
R†uLm
∗
uRuR = mu, R
†
dLm
∗
dRdR = md, (21)
with Rf(L,R) = diag(e
2iφf(L,R) , 1, 1). It leads to
mu = P
†
uLm
0
uPuR, md = P
†
dLm
0
dPdR, (22)
where Pf(L,R) ≡ diag(eiφf(L,R) , 1, 1) andm0f is a real matrix. In this case, θQFD = ArgDet[mumd] =
0 is realized by
φuR − φuL + φdR − φdL +ArgDet[m0um0d] = 0. (23)
Here, ArgDet[m0um
0
d] = 0 or π. On the other hand, successful CKM phase requires
φdL − φuL ≃ −π/2. (24)
This system has two free phase parameters. Since the parity symmetry restrict θQCD = 0 [90–93],
these symmetries can be a solution to the strong CP problem [94] in the left-right symmetric
models [95–97]. Of course, one should consider the radiative corrections to θQFD.
4
3 Physical parameters
Next, let us consider predictions of mass eigenvalues and mixings. Derivation of these physical
parameters is done in the previous study [88]. It is well known that the four-zero texture can
reproduce quark masses and the CKM matrix. The forms of quark mass matrices (9) are almost
consistent with the latest full parameter scan of four-zero textures [9, 13]. Then, we focus on
the lepton sector.
Diagonalizing the mass matrices mdiagf = U
†
LfmfURf , one obtains the MNS matrix
UMNS = U
†
LeULν . (25)
An approximate form of the MNS matrix is found to be
UMNS = V
T
e

−i 0 00 1 0
0 0 1

VνPM , (26)
where
Vν =

1 0 00 c23 s23
0 −s23 c23



 c13 0 s130 1 0
−s13 0 c13



 c12 s12 0−s12 c12 0
0 0 1

 , (27)
Ve ≃


1 0 0
0
√
re
√
1− re
0 −√1− re √re




1 −
√
me
mµ
0√
me
mµ
1 0
0 0 1

 , (28)
with re ≡ Ae/mτ . PM ≡ diag(1, eiα2/2, eiα3/2) is the Majorana phases.
The mixing angles and mass differences of the latest global fit [98]
θPDG23 = 49.7
◦, θPDG12 = 33.82
◦, θPDG13 = 8.61
◦, (29)
∆m221 = 73.9 [meV
2], ∆m231 = 2525 [meV
2], (30)
determines the Dirac phase in the PDG parameterization δCP as
sin δCP = −0.390 ≃
√
me
mµ
c13s23
s13
, δCP ≃ 203◦. (31)
It is very close to the best fit for the normal hierarchy δCP /
◦ = 217+40−28 [98].
Including the Majorana phases, one can reconstruct the neutrino mass matrix mν as
mν = VeUMNS

m1 0 00 m2 0
0 0 m3

UTMNSV Te . (32)
The µ− τ reflection symmetries (6) restrict the Majorana phases to be α2,3/2 = nπ/2 (n = 0, 1)
[82]. The nontrivial phase π/2 comes from a negative mass eigenvalues. Moreover, if universal
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texture (mf )11 = 0 for f = u, d, ν, e [47] and small 2-3 mixing of Ve is assumed, we can determine
the lightest neutrino mass m1 from the condition of the texture
m1 =
−eiα2m2s212 − eiα3m3t213
c212
, (33)
where t13 ≡ s13/c13. The numerical values of the mass are found to be
|m1| = 6.20 [meV] for (α2, α3) = (0, 0) or (π, π), (34)
= 2.54 [meV] for (α2, α3) = (0, π) or (π, 0), (35)
for the normal hierarchy (NH) case.
For the inverted mass hierarchy, the solutions do not have real values and then contradict
with the reflection symmetries.
4 Universal four-zero texture
Since the mass matrix mν is a matrix function of α2, α3 and m1, it can be reconstructed as
mν ≃ eiα3

 0 0.51i 10.5i0.51i 32.2 21.6
10.5i 21.6 22.8

 [meV] for (α2, α3) = (0, 0) or (π, π), (36)
≃ eiα3

 0 8.84i 0.59i8.84i 25.7 27.1
0.59i 27.1 18.1

 [meV] for (α2, α3) = (0, π) or (π, 0). (37)
In the case of Eq. (37), the matrix mν also exhibits approximate four-zero texture. In particular,
a choice of parameter
√
1− re ≃ 0.1 makes (mν)13 to be zero. Then, with these conditions, mν
becomes a four-zero texture such as
mν0 ≡

 0 8.84i 08.84i 25.7 27.1
0 27.1 18.1

 [meV] for (α2, α3) = (π, 0). (38)
The eigenvalues of mν0 are found to be
(m1 ,m2 ,m3) = (3.06 ,−9.39 , 50.9) [meV]. (39)
Indeed the majorana phases α2 = π, α3 = 0 are realized.
The right-handed neutrino mass matrix MR can be reconstructed from the type-I seesaw
mechanism [99–102] with some GUT relations. An u− ν unification such as in the Pati–Salam
GUT [95] can determine Yν as
Yν = Yu ≃ 0.9mt
√
2
v

 0 0.0002 00.0002 0.10 0.31
0 0.31 1

 . (40)
The specific values of Yu with ru ≃ 0.9 at mZ scale are taken from Ref. [13].
6
MR also displays a four-zero texture because the four-zero texture is seesaw invariant [4, 6],
MR =
v2
2
Yνm
−1
ν0 Y
T
ν (41)
=

 0 −1.08 i × 10
8 0
−1.08 i × 108 1.26 × 1014 4.07 × 1014
0 4.07 × 1014 1.32 × 1015

 [GeV]. (42)
Evidently MR also satisfies the reflection symmetry (14),
RM∗RR = MR. (43)
Therefore, all the fermion mass respects the reflection symmetry with a four-zero texture.
The eigenvalues of MR are found to be
(MR1 ,MR2 ,MR3)
= (2.86 × 106 , 3.73 × 109 , 1.44 × 1015) [GeV], (44)
The Yukawa matrices Yν (40) is evaluated at mZ scale. Other renormalized values of quark
masses will lead to smaller eigenvalues of MR. For example, Yν is determined in other Pati–
Salam GUT
Yν =

i 0 00 1 0
0 0 1



 0 Cν 0Cν B˜ν Bν
0 Bν Aν



−i 0 00 1 0
0 0 1

 , (45)
with Aν = Au, Cν = Cu and the Georgi–Jarlskog relation Bν = −3Bu, B˜ν = −3B˜u [103]. Quark
masses at the GUT scale ΛGUT = 2× 1016GeV [104]
mu = 0.48 [MeV], mc = 0.235 [GeV], mt = 74 [GeV], (46)
lead to smaller eigenvalues
(MR1 ,MR2 ,MR3)
= (9.18 × 104 , 1.77 × 109 , 3.02 × 1014) [GeV]. (47)
The precise eigenvalues will be obtained by solving renormalization group equations.
Since the mass matrix MR have strong hierarchy MR ∼ Y Tu Yu, the lightest mass eigenvalue
MR1 is too small [105, 106] for the naive thermal leptogenesis [89]. However, leptogenesis may
be achieved by the decay of the second lightest neutrino νR2 [107] with the maximal majorana
phase α2/2 = π/2.
5 Conclusions and discussions
We considered a set of new symmetry in the SM, reflection symmetries Rm∗u,νR = mu,ν , m∗d,e =
md,e with R = diag (−1, 1, 1). These symmetries can be a solution of the strong CP problem,
because some extended C symmetries predict θQFD = Det[mumd] = 0 at tree level. Since CP
7
phases are restricted in the first row and column, this idea suggests that CP violation of flavor
mixing only comes from a chiral symmetry breaking of the first generation.
Moreover, they can constrain the Majorana phases to be α2,3/2 = 0 or π/2 and then enhance
predictivity of the leptogenesis. The mass matrixMR have strong hierarchyMR ∼ Y Tu Yu. Then,
the lightest mass eigenvalue MR1 is too small for the naive thermal leptogenesis. However,
leptogenesis may be achieved by the decay of second lightest neutrino νR2 with the maximal
majorana phase α2/2 = π/2.
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